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I Abstract 

o 

£S) In graph theory there are intimate connections between the expansion properties of a graph 

and the spectrum of its Laplacian. In this paper we define a notion of combinatorial expansion 
for simplicial complexes of general dimension, and prove that similar connections exist between 
the combinatorial expansion of a complex, and the spectrum of the high dimensional Laplacian 
defined by Eckmann. In particular, we present generalizations of the Cheeger inequalities, and the 

! , Expander Mixing lemma. As a corollary, using the work of Pach, we obtain a connection between 

spectral properties of complexes and Gromov's notion of geometric overlap. Using the work of 
Gunder and Wagner, we give an estimate for the combinatorial expansion and geometric overlap 
of random complexes. 
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1 Introduction 

It is a cornerstone of graph theory that the expansion properties of a graph are intimately linked to 
J> the spectrum of its Laplacian. In particular, the discrete Cheeger inequalities HTan841 |Pod841 IAM85 , 

IAI08 6I relate the spectral gap of a graph to its Cheeger constant, and the Expander Mixing Lemma 
MAC881 relates the extremal values of the spectrum to the discrepancy in the graph (see (|1.4|>) and to 



Q its mixing properties. 

^ In this paper we define a notion of expansion for simplicial complexes, which generalizes the 

Cheeger constant and the discrepancy in graphs. We then study its relations to the spectrum of the 
high dimensional Laplacian defined by Eckmann HEck44L and present high dimensional analogues of 
the discrete Cheeger inequalities and the Expander Mixing Lemma. 

^ This study is closely related to the notion of high dimensional expanders. A family of graphs {G,} 

with uniformly bounded degrees is said to be a family of expanders if their Cheeger constants h{Gi) 



are uniformly bounded away from zero. By the discrete Cheeger inequalities ( |1.3[ ), this is equiva- 
lent to having their spectral gaps A (G,) uniformly bounded away from zero. Thus, combinatorial 
expanders and spectral expanders are equivalent notions. We refer to IHL W06[|Lubl21 for the general 
background on expanders and their applications. 

It is desirable to have a similar situation in higher dimensions, but at least as of now, it is not clear 
what is the "right" notion of "high dimensional expander". One generalization of the Cheeger constant 
to higher dimensions is the notion of cohomological expansion, originating in [LM06l lGrol01lNR12L 
and also in [GW12] under the name "combinatorial expansion". While in dimension one it coincides 
with the Cheeger constant, it was shown by Gunder and Wagner [GW12] that in general spectral 
expansion does not implies cohomological expansion. They show the existence, in any dimension 
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greater than one, of complexes with complete skeletons whose spectral gapqjare bounded away from 
zero, and which have arbitrarily small cohomological expansion. 

Another notion of expansion is Gromov's geometric overlap property, originating in HGrolOl and 
studied in HFGL + llllMWllL This notion was shown in IIGrolOllMWTTIl to be related to cohomolog- 
ical expansion. However, even in dimension one it is not equivalent to that of expander graphs. 

Our definition of expansion suggests a natural notion of "combinatorial expanders", and we show 
that spectral expanders with complete skeletons are combinatorial expanders, and that good enough 
combinatorial expanders are spectral expanders. A theorem of Pach [Pac98 ] shows that this notion of 
combinatorial expansion is also connected to the geometric overlap property. 



Combinatorial Expansion and the Spectral Gap 

The Cheeger constant of a finite graph G = ( V, E) is usually taken to be 

, x \E(A,V\A)\ 
ip (G) = min 1 v , , 1 

0<|A|<1^1 

where E (A, B) is the set of edges with one vertex in A and the other in B. In this paper, however, we 
will work with the following version: 

, x \V\\E(A,V\A)\ 
h(G)= min 1 1 , v , '- Wl . (1.1) 
v ; 0<]A|<]V] \A\\V\A\ 

Since <p (G) < h (G) < 2cp (G), defining expanders by <p or by h is equivalent. 

The spectral gap of G, denoted /1(G), is the second smallest eigenvalue of the Laplacian A + : 
R y -> M. v , which is defined by 

(A + /)(v) = deg(v)/(v)-£/( W ). (1.2) 

The discrete Cheeger inequalities [Tan84, Dod84, AM85, AI086 ] relate the Cheeger constant and the 
spectral gap, by 

h ^l<A(G)<h(G), (1.3) 
where k is the maximal degree of a vertex in G^] 

Let X be an (abstract) simplicial complex with vertex set V. This means that X is a collection 
of subsets of V, called cells (and also simplexes, faces, or hyperedges), which is closed under taking 
subsets, i.e., if o~ e X and r £ cr, then r e X. The dimension of a cell cr is dimcr = |cr| - 1, and X 1 
denotes the set of cells of dimension j. The dimension of X is the maximal dimension of a cell in it. 
The degree of a 7-cell (a cell of dimension f) is the number of (j + 1) -cells in which it is contained. 
We shall occasionally add the assumption that X has a complete skeleton, by which we mean that 
X j = (j V +l ) for j < dimX (here Q = {S £ y | \ S \ = j}). 

We define the following generalization of the Cheeger constant: 



'The spectral gap of a complex is defined in Section 
2 For ip they are given by < A (G) < 2<p (G) . 



2.1 
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Definition 1.1. For a finite J-dimensional complex X with vertex set V, 



h (X) = min 



V=Ui_ A, 

where the minimum is over all partitions of V into nonempty sets Ao, . . . , A £ /, and F (Ao, . . . , Aj) 
denotes the set of (i-dimensional cells with one vertex in each A,. 

For d = 1, this coincides with the Cheeger constant of a graph ( |1.1| >. To formulate an analogue of 
the Cheeger inequalities, we need a general dimension analogue of the spectral gap. Such an analogue 
is provided by the work of Eckmann on discrete Hodge theory [Eck44]. In order to give the definition 



\v\-\, 


F(A ,Au...,Ad)\ 






■■■■■\A d 





we shall need more terminology, and we defer this to Section 2.1 The basic idea, however, is the 
same as for graphs, namely, it is the smallest nontrivial eigenvalue of a suitable Laplacian operator. 
The following theorem then generalizes the Cheeger inequalities to higher dimensions: 

Theorem 1.2 (Cheeger Inequalities). Let X be a finite d-dimensional simplicial complex with spectral 
gap A(X). 

(1) IfX is has a complete skeleton, then 

A(X)<h (X) . 

(2) Let k be the maximal degree of a {d - \)-cell in X. Then 

V ^> h 2 (X)-(d-l)k<A(X) 

(here the skeleton is not necessarily complete). 
The proof appears in Section 4. 1 . 



Remarks. 

(1) Since graphs have by definition a complete skeleton, this coincides with the Cheeger inequalities 
for graphs ( |1.3| >. 

(2) For d > 1 this only gives a lower affine bound on the spectral gap. Even if this bound can be 
improved, the affine part cannot be completely removed, not even for complexes with a complete 
skeleton: a counterexample is provided by the minimal triangulation of the Mobius strip (Figure 
0. 
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In HLM061 Linial and Meshulam introduced the following model for random simplicial complexes: 
for a given p = p (n) e (0, 1), X(d,n,p) is a <i-dimensional simplicial complex on n vertices, with a 
complete skeleton, and with every J-cell being included independently with probability p. Relying on 
the analysis of the spectrum of X (d, n,p) in BGW12L we show the following: 

Corollary 1.3. Fix c > 0, and observe X - X [d,n, C1 ° g " Y For every C > Co (c,d) there exists a 
constant H - H (C) > satisfying lim p = 1 such that for n>no (c, d) 

Prob (h (X) > H ■ logn) > 1 - n c . 



The proof appears in Section [44] as part of Corollary 4.2 



Mixing, Discrepancy and Geometric Overlap 

The Cheeger inequalities describe the expansion along the various partitions of a graph, in terms of 
its spectral gap. However, the spectral gap alone does not suffice to determine the expansion between 
small sets of vertices, and the mixing quality of the graph. For example, the bipartite Ramanujan 
graphs constructed in [LPS88] are regular graphs with very large spectral gaps, which are bipartite. 
This means that there they contain disjoint sets A, B c V of size ^ with E (A, B) - 0, and also that the 
simple random walk on them does not converge. 

An understanding of small expansion and of mixing can be obtained by observing not only the 
smallest nontrivial eigenvalue of the Laplacian, but also the largest ond^ In particular, the so-called 
Expander Mixing Lemma (see e.g., [ AC88 ]) states that for a ^-regular graph G = (V,E), and A, B c V, 



\E(A,B) 



k\A\\B\ 



\V\ 



<p - y/\A\\B\, 



(1.4) 



where p is the maximal absolute value of a nontrivial eigenvalue of kl - A + . 

The deviation of |£(A,B)| from its expected value p\A\ \B\, where p = JL w l^l/^') is the edge 
density, is called the discrepancy of A and B. This is a measure of quasi-randomness in a graph, a 
notion closely related to expansion (see e.g. HChu971 ). In a similar fashion, we call the deviation 



\F(A ,...,A d )\ 



X" 



(W\) 



|A | ■ . . . • \A a 



the discrepancy of Ao, . . . , A^, and the following theorem bounds the discrepancy in complexes in an 
analogous way to the Expander Mixing Lemma: 



Theorem 1.4 (Mixing Lemma). Let a e 

then for any disjoint sets of vertices Aq, . 



- IfX is a d-dimensional complex with a complete skeleton, 
. , Ad one has 



\F(A ,...,A d )\ 



a ■ \A \ 



\v\ 



<p a -(\Ao\ 



\MY' 



where p a is the maximal absolute value of a nontrivial eigenvalue of al - A + . 

Here A + is the Laplacian of X, which is defined in Section [2] The proof, and a formal definition 



of p a , appear in Section 4.2 



3 Graphs having both of them bounded are referred to as "two-sided expanders" in ITaol II 
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Remark. For ^-regular graphs, taking a = k gives the Expander Mixing Lemma (|1.4|>. 



As mentioned above, the mixing quality of a graph is also reflected by the behavior of the random 
walk on it. In a future paper HPR12H we suggest a generalization of the notion of random walk to high 
dimensional simplicial complexes, and study its connection to the spectral properties of the complex. 

Let G = ( V, E) be a graph with a high Cheeger constant. Given a mapping ip : V -*■ R, there exists 
a point xel which is covered by many edges in the linear extension of <p to E. This observation led 
Gromov to define the geometric overlap of a complex BGrolOB : 

Definition 1.5. Let X be a (i-dimensional simplicial complex. The overlap of X is defined by 

# {cr e X d I x e conv {tp ( v) | v e cr} } 
overlap (X) = min max ■ — r . 

<p:V^R d xeR d \X d \ 

In other words, X has overlap > e if for every simplicial mapping of X into M. d (a mapping induced 
linearly by the images of the vertices), there is a point in R d covered by at least an e-fraction of the 
(i-cells of X. 

A theorem of Pach [Pac98], together with Theorem 1 1 .4| yield a relation between the spectrum of 
the Laplacian and the overlap property. Here A (X) = A m \„ (X) and A max (X) denote the minimal and 
maximal nontrivial eigenvalues of the Laplacian on X. 

Corollary 1.6. There exists £d> with the following property: for every < e < Sd there exists 5 > 0, 
such that ifX is a d-dimensional complex with a complete skeleton satisfying 

-WX) >1 _ gj 

^max (X) 

then 

W\ d 

overlap(X)>5-LL-A max (X). 

\X a \ 



The proof appears in Section 4.3 Returning to the X (d, n,p) model, we obtain the following: 



Corollary 1.7. Fix c > 0. There exists a constant O = Od > 0, such that for C > Co (c,d) and 
n>no (c,d) 

Prob (overlap (x {d,n, CI ° g " )) > O ) > 1 - n c . 



Again, this is a part of Corollary |4.2| which is proved in Section 4.4 



The structure of the paper is as follows: in section 2 we present the basic definitions relating 
to simplicial complexes and their spectral theory. Section 3 is devoted to proving basic properties 
regarding the high dimensional Laplacians. In section 4 we prove the theorems and corollaries stated 
in the introduction, and section 5 lists some open questions. 
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2 Notations and definitions 



Throughout this paper X denotes a finite <f -dimensional simplicial complex with vertex set V. For 
-1 < j < d we denote by the set of j-cells of X. In particular, we have X~ l = {0}. For j > 1, 
every j-cell cr = {o"o, . . . , cry} has two possible orientations, corresponding to the possible orderings 
of its vertices, up to an even permutation (1 -cells and the empty cell have only one orientation). We 
denote an oriented cell by square brackets, and a flip of orientation by an overbar. For example, one 
orientation of cr - {x, y,z] is [x, y,z], which is the same as [y,z, x] and [z, x, y]. The other orientation 
of cr is z] = [y, x,z] = [x, z„y] = [z,y,x]. We denote by X J ± the set of oriented j-cells (so that 
= 2 \XJ\ for j > 1 and x{ = X> for j = -1,0). 

We now describe the discrete Hodge theory due to Eckmann CEck44L This is a discrete analogue 
of Hodge theory in Riemannian geometry, but in contrast, the proofs of the statements are all exercises 
in finite-dimensional linear algebra. 

The space of j-forms on X, denoted by Q. J (X), is the vector space of skew-symmetric functions 
on oriented j-cells: 

& = Q j (X) = {/ : X{ -» R I / (cr) = -/ (cr) Vcr 6 X{ } . 

In particular, Q° is the space of functions on V, and Q 1 = R^ ^ can be identified in a natural way 
with R. We endow each Q! with the inner product 

(/.*>= Y,f(<r)8(<r) (2-1) 

(note that / (cr) g(cr) is well defined even without choosing an orientation for cr). 

For a cell cr (either oriented or non-oriented) and a vertex v, we denote v ~ cr if v i cr and {v} u cr 
is a cell in X (here we ignore the orientation of cr). If cr = [cr , . . . , cry] is oriented and v ~ cr, then vcr 
denotes the oriented ( j + 1 )-cell [v, cr , . . . , cry] . 

The j th boundary operator dj ■ Q ; -> is 

(^/) (<r)=£/(vcr). 

V~(T 

The sequence (n J ,3y) is a chain complex, i.e., dy-i<9y = for all 7, and one denotes 

Zy = kerSy j-cycles 

Bj = imdj+i j -boundaries 

Hj = Zj/Bj the j th homology of X (over R) . 

The adjoint of dj w.r.t. the inner product (2J_ 1 is the co-boundary operator d* ■ Q.^ 1 -> Q ; given by 



W/) (<r) = E(-l)'/(^i) 

!=0 

where cr\cri = [cr , cr 1 , . . . , cr,-_ 1 , cr i+ [ , . . . cry] . Here the standard terms are 
Z J = ker3* +1 = fij closed j-forms 



= imd* = Z, exact /-forms 

j j J 

H j = Z'/b' the j th cohomology of X (over R) 
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The upper, lower, and full Laplacians A + , A , A : Q d 1 -*■ Q. d 1 are defined by 

A + = d d d* d , A' = d* d _ x d d - u A = A + + A~, 

respectiveljj^] All the Laplacians decompose (as a direct sum of linear operators), with respect to 
the orthogonal decompositions Cl d ~ l = B^ 1 © Z d _\ = B d _\ © Z d_1 . In addition, ker A + = Z d ~ : and 
kerA~ = Z d _i. 

The space of harmonic (d - \)-forms on X is H d -\ = ker A. If / e % d -\ then 

= (Af,f) = + (d* d f,d* d f) 

which shows that H d -i = Z d ~ l n Z d -\. This gives the so-called discrete Hodge decomposition 

a d-\ =B d-l end _ l(B B d - 1 . 

In particular, this shows that the space of harmonic forms can be identified with the cohomology of X: 

B d ~ l B d ~ x B d ~ x ~ d ~ 1 ' 

The same holds for the homology of X, giving 

H d - y =n d - { =H d _i. (2.2) 

For comparison, the original Hodge decomposition states that for a Riemannian manifold M and 
< j < dim M, there is an orthogonal decomposition 

Q, j (Af) = d (Q,^ 1 (M)) © W (Af) © 6 (M)) 

where £l J are the smooth j-forms on M, d is the exterior derivative, 6 its Hodge dual, and W the 
smooth harmonic j-forms on M. An in the discrete case, this gives an isomorphism between the j th 
de-Rham cohomology of M and the space of harmonic j-forms on it. 

Example. For j = 0, Z° consists of the locally constant functions (functions constant on connected 
components); B° consists of the constant functions; Zo of the functions whose sum vanishes, and Bo 
of the functions whose sum on each connected component vanishes. 

For j = 1, Z 1 are the forms whose sum along the boundary of every triangle in the complex 
vanishes; in B 1 lie the forms whose sum along every closed path vanishes; Z\ are the Kirchhoff forms , 
also known as flows, those for which the sum over all edges incident to a vertex, oriented inward, is 
zero; and B\ are the forms spanned (over R) by oriented boundaries of triangles in the complex. 

The chain of simplicial forms in dimensions -1 to 2 is depicted in Figure |2| 



4 More generally, one can define the / h lower Laplacian Ai : £V -* Q j by A ; = d*dj, and similarly for and Aj. For 
our purposes, A^_j, Aj_; and Aj-i are the relevant ones. 
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Z 1 

sum zero along 
Uianule IxuiiKkuies 



sum zero 
on components 



B l 

sum zero 
along cycles 




trinnplc Ixunukiiies 



Figure 2: The lowermost part of the chain complex of simplicial forms. 
2.1 Definition of the Spectral Gap 

Every graph has a "trivial zero" in the spectrum of its upper Laplacian, corresponding to the constant 
functions. There can be more zeros in the spectrum, and these encode information about the graph (its 
connectedness), while the first one does not. Similarly, for a <f -dimensional complex, the space B d ~ l 
is always in the kernel of the upper Laplacian, and considered to be its "trivial zeros". The existence 
of more zeros indicates a nontrivial (d - l)-cohomology, since it means that B d ~ l £ kerA + = Z rf_1 . 
Since (B d ~ l ) = Z^-i, this leads to the following definition: 

Definition 2.1. The spectral gap of a J-dimensional complex X, denoted A (X), is the minimal eigen- 
value of the upper or the full Laplacian on (d - 1) -cycles: 



A (X) = min Spec I A = min Spec I A + ) 



(the equality is since A 



•) 



The following proposition gives two more characterizations of the spectral gap, and more explicit 



ones for complexes with a complete skeleton appear in Proposition 3.3 
Proposition 2.2. Let X be a d-dimensional complex, with 

Spec A + = [Aq <A\<...< /l|xrf-i|-i} ■ 

(1) IfBj = dim Hj is the / h (reduced) Betti number of X, then 

A(X) = A r where r = (l^" 1 ] - B d ^) - (\X d \ - B d ) . 

(2) A (X) is the minimal nonzero eigenvalue of A + , unless X has a nontrivial (d - l) th -homology, 
in which case A(X) = 0. 
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Remark. For a graph G = (V,E), Definition 2.1 states that A(G) is the minimal eigenvalue of the 



Laplacian on a function which sums to zero. By Proposition 2.2 (1) we have A(G) = A r , where 
r= \V\ - \E\ -Bq Since 8q + 1 is the number of connected components in G, and B\ is the number 
of cycles in G, by Euler's formula 

r = |V| - \E\ -B +y6i =X (G) - O (G) - 1) = 1 



and therefore A(G) - A\. From (2) in Proposition 2.2 we obtain that A(G) is the minimal nonzero 



eigenvalue of G's Laplacian if G is connected, and zero otherwise. 

Proof. Since A + decomposes w.r.t. Q. d ~ l = B d ~ l © Zj-i, and A + = 0, the spectrum of A + consists 
of r = AimB d{ zeros, followed by the spectral gap. By (2.2 1, 



B d-i 



H d -i = Hd-i = Z d - 1 nZ d _! = ker A 4 

so that A (X) = if and only if H^-i + 0, i.e. X has a nontrivial (d - l) 1 -homology. This also shows 
that if Hd-i = 0, then A (X) is the smallest nonzero eigenvalue of A + . Finally, to compute r = dimfi d_1 , 
we observe that 

dimB ;W = dimZ^ 1 - dim//^ 1 = null d) — /5 y i 

= dimfV 1 - rankS) -Bj-i = \X j ~ l \ - dim5 ; -Bj- X 

and therefore 

r = AimB dl = IZ^ 1 ) - B d -fi d _ x = \X c '- l \ - (\X d \ - dimfi £,+1 - B d ) -B d - X 

= (\x d - l \-8 d ^)-(\x d \-B d ). □ 

3 Properties of the Laplacians 

In this section we begin the study of the Laplacians and their spectra, obtaining results which will be 
used for the proofs of the main theorems. We begin by writing the Laplacians in a more explicit form. 
For the upper Laplacian, if / e Q d ~ l and cr e X d ~ x , then 

V~<T V~cr 1=0 

= E/(^)-£(-i)7(wV0 

v-o- ;=0 

= deg (o-)f(cr) - Y, Y (-l)7H«r.') . (3-D 

v~cr ;'=0 

where we recall that deg (cr) is the number of d-cells containing cr. For cr, cr' e X d ~ x we denote 
cr' ~ cr if there exists an oriented d-ce\\ t such that both cr and cr' are faces of x with the orien- 
tation induced from it. Namely, if cr = [o"q, , . . . ,o- d -\\, cr' = [cro, . . . , cr,_i,a^,cr i+ i, . . . ,o- d -i], and 
{cro, . . . , cr,_i, cr,-, cr-, cr !+ i, . . . , cr rf _! } e Using this notation we can express A + more elegantly as 

(A+/)(^) = deg(cr)/(cr)- £ /(</). (3 .2) 
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For the lower Laplacian we have 

(A-f)(o-) = d ^(-i) i (d d ^f)(o-\o- i ) = Y t (-i) i E /(^Vi)- M 

i=0 (=0 v~cr\o-j 

The following straightforward claim bounds the spectrum of the upper Laplacian: 

Claim 3.1. The spectrum of A + lies in the interval [0, (d + l)k], where k is the maximal degree in X. 

□ 

3.1 Complexes with a complete skeleton 

Complexes with a complete skeleton appear to be particularly well behaved, in comparison with the 
general case. The following proposition lists some observations regarding their Laplacians. These 
will be used in the proofs of the main theorems, and also to obtain simpler characterizations of the 
spectral gap in this case. 

Proposition 3.2. Let X be a d-dimensional complex with a complete skeleton. 

(1) IfX is the complement complex ofX, i.e., X d 1 = X d ~ l = CCj and X d = (^+])Y^> then 

A±=|V|-/-A X . (3.4) 

(2) The spectrum of A lies in the interval [0, |V|]. 

(3) The lower Laplacian satisfies 

A" = IVI-P^-i (3.5) 
where P#*-i is the orthogonal projection onto B d ~ l . 
Proof. By the completeness of the skeleton, the lower Laplacian (see ( |3.3| >) can be written as 

(Av)(<r) = £(-iy E /(^W = £(-iy E /(wVO 

(=0 v~0"\cr, i=0 vfcr\(Tj 

= d-f(o-) + Y l T,i-l) i f(vo-\o- i ). 

vicr i=0 

To show (i) we observe that v ~ cr in X iff via and v + cr (in X), so that 
(A X / + A±/) (cr) = (A x f) (cr) + (A + X f) (cr) + (At/) (cr) 

vfcr i=0 

+ d B g(<r)f(<r)-'£^(-l) t f(ya\ar t ) 

v~cr i=0 

+ (\V\-d- deg (cr)) f (cr) - £ £ ("1)' / M = | V| / (<r) . 
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From (1) we conclude that SpecAi = ||V| - y ye Spec Ax j, and since Ax and Ai are positive 

semidefinite, (2) follows. To establish (3), recall that (fl^ -1 ) 1 = Z d -\ = kerA~, and it is left to 
show that A~f = \V\f for / e B 4-1 . Note that B d ^ c Z rf_1 = ker A x , and in addition, that since B d_1 
only depends on X's (d - l)-skeleton, 

B d - 1 (X) = B^ 1 (x) c Z^ 1 (x) = ker At 
Now from (i) it follows that for / 6 B^ 1 

A x f = A x f + A + X f = A x f=\V\f-Atf=\V\f 
as desired. □ 

The following proposition offers alternative characterizations of the spectral gap: 
Proposition 3.3. Let X be a d-dimensional complex with a complete skeleton. 

(1) The spectral gap of X is obtained by 

A (X) = min Spec A. (3.6) 

(2) Furthermore, it is the ( + 1 smallest eigenvalue of A + . 



Remarks. 



ll-l 
ll-l 



(1) For graphs ( |3.6| ) gives A (G) = min Spec (A + + J), where J - A =[}■. 

\ i i ... l 

(2) In general p.6[ ) does not hold: for example, for the triangle complex , A - min Spec I A ) 
3 but min Spec A = 1 . 

Proof. 

(1) First, since A decomposes w.r.t. £l d ~ l = B d ~ l © Z d -\ we have 



Spec A = Spec A M Spec A = Spec A M Spec A 4 

B d - 1 Z rf _! 



By Proposition |32jSpec A"| b/ ( = {|V|} and Spec A c [0, |V|], which implies that 



A = min Spec ( A + ) = min Spec A. 



(2) The Euler characteristic satisfies £f=-i (-1)' ' [X'l = ^(X) = Sf=_i (-l)'A- Therefore, by 



Proposition 2.2 we have A = A r , with 

r=(|X rf - 1 |-^_ 1 )-(|X rf |-^) 



([x^ 1 ! -p d _i) - (\X d \ -B d ) + £ (-1)' (|X'| -A) 



i=-l 



E (M -a) 

i=-l 
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Since the (d - l)-skeleton is complete, \X'\ = (I^J) and /?,- = for < i < d - 2, and so 

l '~ 2 -n(\V\\ (\V\-V 



4 Proofs of the Main Theorems 
4.1 The Cheeger Inequalities 



This section is devoted to the proof of Theorem 1.2 The proof of the upper bound is a generalization 
of the standard proof for the Cheeger upper bound in graphs ( |1.3| >. The lower bound is comprised of 
three elements. The first is the Cheeger lower bound in graphs. The second is a connection between the 
Laplacian of a complex and the Laplacians of its one-dimensional links (see definition below). These 
connections were first shown by Garland [Gar73l . and studied further by several authors BZuk96[ 
AB M051 IGW121 . The third element is a connection between the combinatorial expansion of the 
complex and that of its links. 

Proof of Theorem [772] We begin by proving the upper bound 

min Spec ( A + ) = A (X) <h(X)= min 

V z d-i' V=Ui Ai 



\v\ ■ I 


F(A ,A u ...,A d )\ 




»l • |Ai 


• . . . • \A d 





Let Ao, . . . ,Ad be a partition of V which realizes the minimum in h. We define /e^ 1 by 



/(ho"i ■■■ cr d - 



j]) = | s § n ^) \ A <<1)\ 3n 6 S y m {o...rf} with cr,- e A ff(;) 
I else, i.e. 3k, i t j with cr,-, cry e 



for < i < d - 1 



(4.1) 



eA*. 

Note that f (n'cr) = sgn (7/) / (cr) for any 7r' e Sym| and cr e X J_1 . Therefore, / is a well- 
defined skew- symmetric function on oriented (d - l)-cells, i.e., / e Q d_1 . Figure [3] illustrates / for 
d= 1,2. 





Figure 3: The form f tQ. d 1 defined in (|4.1[), for complexes of dimensions one and two. 



We proceed to show that / e Zd-\ . Let cr = [cro, cri, . . . , 0-^-2] e X± 2 . As we assumed that X d 1 is 
complete, 



(dd-if) (o") = £/([v,cr ,cri,...,crtf_2]) = ^ / ([v,cr , cri, . . . , cr rf _ 2 ]) . 
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If for some k and i * j we have cr,-, crj e A k , this sum vanishes. On the other hand, if there exists 
n e Sym| d \ such that cr, e A^,) for < i < d - 2 then 

(pd-\f) (?) = E /([v,O- ,cri,...,cr c/ _ 2 ]) + E /([v,O"0»O-l»-"»O-d-2]) 

= E (- 1 )^ ls § n7r l A ^ol + E (- 1 ) (?s § n7r l A ^-i)l 

= (-I)**" 1 sgiiw ((A^.!)! |A„ (d) | - |A^ d )| jA^!)!) = 
and in both cases / 6 Z d -\. Thus, by Rayleigh's principle 

,(X)= mi „Spec(A )M.^M.i!VM. (4.2) 
V Z.-./ (/,/) (/,/) (/,/) 

The denominator is 

(/,/>= E /(^) 2 , 

and a. (d - l)-cell cr contributes to this sum only if its vertices are in different blocks of the partition, 
i.e., there are no k and i + j with cr,-,cr 7 e A k . In this case, there exists a unique block, A,-, which 
does not contain a vertex of cr, and cr contributes |A,| to the sum. Since X d ~ x is complete, there are 
|Ao| • . . . • |A;_i| ■ |A,- + i| • . . . • \A d \ non-oriented (d - l)-cells whose vertices are in distinct blocks and 
which do not intersect A,, hence 

(/^>=E|ni A ii)N 2 =mnN. 

i=0 \ j*i / i=0 



d 



To evaluate the numerator in ( |4.2| ), we first show that for cr e X' 

V <rzF(A ,...,A d ) 
W)(cr) = j (4.3) 
[0 o-tF(A ,...,Ad) 

First, let cr £ F (Ao, - - - , A</). If cr has three vertices from the same A;, or two pairs of vertices from the 
same blocks (i.e. cr,-, crj e A* and oy, cr/ e A^), then for every summand in 

(^/)(cr) = E(-l)7(cr\cr ; .), 

i=0 

the cell o^cr,- has two vertices from the same block, and therefore (d d f) (cr) = 0. Next, assume that 
crj and cr^ (with j < k) is the only pair of vertices in cr which belong to the same block. The only 
non-vanishing terms in (d d f) (cr) = Y,f=o (~ 1)' / (oA ";) are ' = 7 an d ' = K ie -> 

WS/) (cr) = (-iy f (cr\crj) + 
Since the value of / on a simplex depends only on the blocks to which its vertices belong, we get 
/ (cr\cr j) = f ([cr (T\ . . . cr y_j cr j+\ . . . (T\-\ cr k cr k+l . . . cr d ]) 
= /([ cr 0CTl • • • OTj-l (Tj+l ...cr k _ l cr j cr k+l ...cr d ]) 
= /((-!)* ;+1 h^l . , . (Tj-i crj cr j+1 . . . cr k ^i cr k+l . . . cr d ]j 

= (-lf- j+1 f (cr\cr k ) , 
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so that 



The remaining case her e F (Aq, . . . , Aj). Here, there exists n e Synij d \ with cr,- e A n ^ for <i <d. 
Observe that 



f(o\o-i) = spx(n-(dd-ld-2 ... i)) = 'sgn/rK 



t(oI 



and therefore 



MS/) (o-) = £ (-1)7(^0 = (-l) d sgn^f K (0 | = (-l)* B gmr|V| , 

i=0 i=0 



and |(o£/) (cr)| = |V|. This establishes ( |43] >, which implies that 



and in total 



</./> 

settling the upper bound. 

We proceed to prove the lower bound, 



(«;/.«/>= E IM/)MMvf |F(A„,...,A„)| 



, w ,!Wl s M^...A)L Ml)i 



ntoM 



/j 2 (X)-(rf-l)it<A(X). 



8* 

For every r e X rf ~ 2 we consider the finfc of t (see Figure 

lkr = {creX|crnr = and ctut e X} . 




Figure 4: Two examples for the link of a vertex in a triangle complex. 

Since dim r = <i-2, lk-risa graph, and there is a 1 - 1 correspondence between vertices (edges) of 
lkr and (d - 1) -cells (J-cells) of X which contain r. As remarked above, we shall exploit connections 
between the Laplacian of X and those of Ik r. A summary of the properties which we shall use is given 
in Lemma A.l[ in the appendix. 

Assume / 6 Z^-i is a normalized eigenfunction for A (X), i.e. (/,/) = 1 and A + f = A (X) f. We 
observe the function f T on (lkr) (the vertices of lkr) defined by 

/r(v)=/(vr). 
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The local Laplacian ofX at t, denoted by A+ : Q d ~ l (X) -> Q^ 1 (X), is 

'deg T (o-)/(o-)- E /(O t c<r 



(At/) («r) 







tr ~cr 
TSO-' 



t ^ cr 



where deg r (cr) = #{cr' ~ o~\ r 9 cr'} = deg lkT (ct\t). Denoting by D the degree o perato r (cr) 
deg (cr) / (cr), and letting k = max {deg cr | cr e X^ 1 } = ||D||, we obtain by Lemma A.l (1), (2) 

A(X) = (A + f,f)= £ (A + T f,f)-(d-l)(Df,f) 

reXd-2 

= Y, (Atrfr,fr)-(d-l)(Df,f) 

> Y, <A£ T / T ,/ T )-(d-l)*. 



(4.4) 



Point (3) in Lemma A.l yields that / T e Zo (lkr) for every r e X rf 1 . Denoting by k\ kr the maximal 
degree of a vertex in Ik t, the lower Cheeger bound for graphs \l.2>) gives 



(A£ T / T> / T > > A (lkr) (f T ,f T ) > (/r./r) > t ^ jl Ur.fr) ■ 



8k 



Combining (4.4) and (4.5 I we find that 



reX d-2 



(4.5) 



(4.6) 



In order to complete the proof, we use the following inequality which relates the local and global 
combinatorial expansions, and which will be proved afterwards: 



h (lkr) > 1 



d- 1 



h(X). 



(4.7) 



From ( |4.6[ ) and ( |4.7| ) we have 

A(X)>\1 



d-l\ 2 h 2 (X) 



and therefore by point (4) in Lemma [A~T] 



Y (fr,fr)-(d-l)k, 



A(X)> 1 



fc 2 (X) 



8/v 



which is the lower bound. 



To prove ( |4.7[ ), write r = [tq,ti, . . . ,1^-2] and denote A,- = {t,} for < i < d - 2. Because of the 
correspondence between the edges and vertices of lkr, and the c/-cells and (d - l)-cells containing r, 
we have 



/j(lkr) 



del 



mm 



BUC=(lkr) L 



\E lkT (B,C)\- 


(lkr) 




B\ ■ 


C 





mm 



BUC=(lkr) 1 ' 



\F(A ,...,A d -2,B,C)\- 


(lkr) 




B\ ■ 


C 
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Assume that the minimum is attained by B = Bo and C - Co- We define 



Now Ao, . . . ,A d is a partition of V, and 

F (A , - - - ,A d -2, B , Co) = F (A , . . . ,Ad-2,Ad-l,A d ) 
since no J-cell containing r has a vertex in A d \Co- In addition, 



(lkr)° 


\A d \ 


(lkr)° 


\A d 


- \A d -x 


(\Ad 


- |Co|) 


|V||C 




\V\\Co 





which implies 



([VI - (d- 1) - (jAgj - |Co|)) jAjj - jAj_ij (jAjj - |Cq|) 
|V||Co| 

(|y|-(^-l))|A t/ |-(|A,_ 1 | + |A,|)(|A,|-|C |) 
|V||Co| 

(1V|-(^-1))[|A,|-(|A,|-|Cq|)] 
|V||Co| 



= 1 - 



</- 1 



A(lkr) = 



F(A ,...,Ad-2,Ad-i,Ad) 


(lkr)° 




B 


■\C \ 



F{A Q ,...,Ad-2,Ad-i,Ad)\V\ 



(lkr)° |A d 



>fc(X) 



|A | • ■ ■ ■ • \A d \ 
o 



|Vl|Co| 



(lkrriA,! / 

>|1-^^I^(X) 



MlCol 



4.2 The Mixing Lemma 



Here we prove Theorem 1 .4 We begin by formulating it precisely. 



Theorem ( |1.4| ). Let X be a d-dimensional complex with a complete skeleton. Fix a e R, and write 
Spec (al - A + ) = {po > p\ > . . . > p m }. For any disjoint sets of vertices Ao, . . .,A d (not necessarily a 
partition ), one has 



\F(A ,...,Ad)\- 



a ■ \A Q \ ■ \A d \ 



where 



p a = max \ |P(m-i) 



<Pa-(\At 
.|Pm||- 



\A d \y 
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Proof. For any disjoint sets of vertices Aq, . . . , A^-i, define 5A ,...,Ad-i e ^ 1 t> v 

I sgn (tt) 3tt e Symr d _ n with cr,- e A^a for < i < d - 1 
'"' ((r) > else 

Since the skeleton of X is complete, 

llfco,..AM II = . / E , (o-) = V|A |-...-|^-i|. (4-8) 

V creX^ 1 

Now, let Aq, . . . , Ad be disjoint subsets of V (not necessarily a partition), and denote 

<A = 8 Ad AiA2,...A d -i- 

Let cr be an oriented (J - l)-cell with one vertex in each of Aq,A\, . . . ,A d -i. With some abuse of 
notation we shall denote this by cr e F (Aq, . . . ,A^_i), ignoring the orientation of cr. There is a 
correspondence between J-cells in F (Aq, . . . ,A/) containing cr, and neighbors of cr which lie in 
F (Ad,A\, . . . ,Ad-\). Furthermore, for such a neighbor cr' we have <p(cr) = >//(cr'), since cr and 
cr' must share the vertices which belong to A\, . . . ,Ad-\- Therefore, by (|3.2[) 



(^,(D-A + ) t A), £ ^(cr)((D-A + )^)(cr)= ^ £>(cr)^(cr') 

E E ^( cr )'A( cr ') = E #{cr / eF(A rf ,Ai,...,A d _ 1 )|cr'~cr} 
c7-6i ? (A ...A ii _ 1 ) o-'-o- treF(A ...A iJ _] ) 

£ #{T6F(A ,A 1 ,...,A £/ )|crc T },|F(Ao,A 1 ,...,A rf )|. (4.9) 

o-eF(A ...A rf _i) 

Notice that since the A,- are disjoint, ^ and i/^ are supported on different (d - l)-cells, so that for any 

a e R 

(D - A + ) .A) = (<p, -A» = (<p, (al - A + )tA) . (4.10) 
By the orthogonal decomposition Q. d ~ l = B d ~ l © Z d _i and the fact that c Z d_1 = ker A + , 



\F(Ao,A l ,...,A d )\ = (<f,(aI-A + )i(,) 

= (cp,(aI-A + )(F Bd - l i(r + F Zd _^)) 
= {?,aP fl *-i^+(a/-A + )P^_ 1 ^) 

= a {tp, Fgd-ii//) + {<p, (aI-A + ) P z . Ji) . (4. 1 1) 



We proceed to evaluate each of these terms separately. Using ( |3.5| ) and ( |3.4| ) we find that 

a (^P^-kA) = (<p, A'ifr) = ^ (p, (\V\I- A+ - Ai) <a) 
and by ( [479] ) and ( |4.10| ) this implies 

a ( Vl Pgd-ii/f) = -^(<p,\V\I- A» + j^r "4^) 

CC Of i i 

- j^r |*x (M, Ai, . . . ,A d )\ + — |F Z (A , A u . . .,A d )\ 

_ a ■ \Aq\ ■ . . . ■ \A d \ 
\V\ 



(4.12) 
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We turn to the second term in ( |4.11| ). First, we recall from the proof of Proposition 3.3 

(\V\-\ 



that dim B 



('JJi ). Since Bd ~ l ^ ker A + , we have that in Spec (al - A + ) = {p > pi > . . . > p m } the first (M" 1 ) 



.rf-i 
|v]-n 



values correspond to B d l , and the rest to [B d 1 ) i = Z^-i. Thus, 

p ff = max ||p^'i-i-)|, |Pm|| = max||/l| | A e Spec (a/ - A) |^ } = (al - A) | 



(4.13) 



and therefore 

\(<p,(al- A + )P Zd ^)\ < |k|| • ||(^/-A + )P Zrf _ l( A|| < 11^1 



(aI-A + ) 



<p a - ll^l • U^ll = p a y/\A \ \A d \ |Ai | |A 2 | • • • \A d - X | , 
where the last step is by ( |4~8| ). Together ( |4.11| ), ( |4.12| ) and ( |4.14| ) give 



|F(A ,Ai,...,A d )|- 



ff- |A C 



\A a 



\y\ 



'■■p a \/\Ao\\A d \\A l \\A 2 \...\A, 



d-l\ 



Since Aq, , . . ,A d play the same role, one can also obtain the bound 

Pa vKr(0)| I^W) I l^( 1 ) I Kr(2)| • • • Kr(<i-l)| . 

for any zr e Sym| Taking the geometric mean over all such n gives 

a • |A | • . . . • |A, 



|F(A ,A l5 ...,A d )| 



|V| 



<p a -(\A \\A 1 \...\A d \y 



(4.14) 



Remark. The estimate ( |4. 14[ > is somewhat wasteful. As is done in graphs, a slightly better one is 

\(cp,(aI-A + )F Zd _^)\ = |(P Zrf _^,(a/-A + )P Zrf _ l( A}| < p a ■ \\F Zd _M ■ |P^| . 
and we leave it to the curious reader to verify that this gives 



\(tp,(aI-A + )P Zd _^)\ <p a 



|A« 



|A^| 1 



\V\ 



|Ai|...|A 



d-l\ 



4.3 Gromov's Geometric Overlap 



Here we prove Corollary |1.6| which gives a bound on the geometric overlap of a complex in terms of 
the width of its spectrum. 



Proof of Corollary 1.6 Given <p : V 



!>d+l 



, choose arbitrarily some partition of V into equally sized 



parts Pq, . . . ,Pd. By Pach's theorem [Pac98], there exist c c / > and <2, <= P, of sizes \Q,-\ > Cd \Pi\ such 
that for some x e E. d+i we have x e conv {ip (v) | v e cr} for any cr e F (Qo, ■ ■ ■ , Qd)- Denote 



^min = A (X) = min Spec A , /l max = max Spec A 
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By the Mixing Lemma (Theorem 1.4 1, with a = \ (/l ma x + ^min) ; we have 



\F(Q ,...,Qd)\> 



a-\Qo\ 



\Qd\ 



\V\ 
,<7 



-p a -(\Qo\-.---\Qd\y 



c d\V\ \ ( (^max + ^min) Cd ^max ~ K 

d+ 1 



2d + 2 



Crf |V| \ /l W jmin (i + 1 - Crf \ 

d+lj V2 + 2^ + 2/ Umax d+\+c d ) 



Choosing = 1 - ^| + ^ , and recalling that 



!-£</<!-£< 



we get 



'^o,..., a )i,(^fa +2 ^K*H 



Since this holds for any </? : V 



fd+i 



\vf 



4.4 Expansion in random complexes 



In this section we prove Corollaries |1.3| and |1.7| The main idea is the following Lemma, which is a 
variation on the analysis in |GW12] of the spectrum of D - A + for X = X(d,n,p). 

Lemma 4.1. Let c > 0. For C > Co = Co (c,d) there exists y = y (C) satisfying < y < C and 
y = o (C) such that X = X (d, n, c l ° s " j satisfies 



Spec(A + | ) c [(C-y) logn,(C + y)logn] 



with probability at least 1 - « f . 

Proof. We denote = C1 ° g " . For C large enough we shall find y with the desired properties such that 



(Aj-pn-7) 



< y log « 



(4.15) 



holds with probability at least 1 - n c . Whenever ( 4.15 ) holds Weyl's perturbation inequalitjj^] gives 

Spec I A + 1 c [pn - ylogn,pn + ylogra] = [(C - y) logrc, (C + y) logrc] , 
V i / 

5 In fact, we need only a corollary of it, which is that max Spec (A + B) < max (Spec A) + \\B\\ for any hermitian operators 
A, B, and the same for min Spec. 
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and the Lemma follows. 
To show (14. 151) we use 



(A + x -pn-I) 



(A x -(n-d)pI-pdI + D- D) 



(D-(n-d)pI) 





+ 







(D - + pj/) 



(4.16) 



and we will treat each term separately. For the first, we have 
(D-(n- d) pi) 



< \\D - [n - d) pl\ = max |deg cr - [n - d) p\ 

cr£X d - [ 



Since deg cr ~ B (n - d, p), a Chernoff type bound (e.g. HJan02[ Theorem 1]) gives that for every t > 

, 2 

Prob fldegcr - (n - d) p\ > t) < 2e 2 ^" +2 i . 
By a union bound on the degrees of the (d - l)-cells we get 



Prob ( max |deg cr - (n - d) p\ > t) < 2\ )< 

Vo-eZ''- 1 / \d> 



l(n-d)p+ 2 t 



(4.17) 



and a straightforward calculation shows that there exists a = a (c, d) > such that for t - a \Jnp logra, 
the r.h.s. in ( 4.17 1 is bounded by for large enough C and n. In total this implies 



Prob I 



(D-(n- d) pi) 



< a 



> 1 



2n c 



Turning to the last term in ( 4.16 1, we go back to the estimates in the proof of Theorem 7 in (GW12] 
and in Corollary 7. 1 in BOlilOL Denoting by D comp and A^ omp the degree operator and upper Laplacian 

of the full cf-complex on n vertices, we have (D comp - ^. omp ) = -d l, and thus by these estimates 



Prob 



(D - Aj) + pdl 



q &pnd+4l 



Again, there exists B - B(c,d) > such that for t = B \/nplogn, the r.h.s. is bounded by for large 
enough C and n. Consequently, 



Prob I 



(D - A + x ) 



<BVClogn) > 1 



•) 



1 

2n c 



so that 



Prob | 



(A + x -pnI) 



z d - 



(a + B) ^/Clog«j > 1 



and y = (a + B) yC gives the required result. 



We obtain the following corollary, which is the content of Corollaries 1.3 and 1.7 
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Corollary 4.2. Fix c > 0. There exist a constant H - H (C) > satisfying lim § = 1, and a constant 
= Orf > 0, swc/j that for C > Co (c, <i) « > no ( c > 

Prob ^ ^X {d, n, ° ' *° g " ) ) >Hlognj > \-n c (4.18) 

and 

Prob (overlap (x {d,n, C log " jj > O j > 1 - n " c . 



Proo/ Since i (X) < h (X) (Theorem [L2[), ( |47T8] > follows from Lemma 
to the geometric overlap. Fix some e smaller than Ed from Corollary |1.6 
that for C large enough 



4.1 with H = C - y. We turn 



From Lemma 4. 1 it follows 



W*) g-r 

-W(X) C + 7 



with probability at least 1 - « c . When this holds, by Corollary 1.6 there exists 6 > such that 



IVl* 4 n d 
overlap (X) ><5- LL . ^ ( X ) > J. — • (C - y) log*. 

Since |X £, | ~ ^^P) by Chernoff's bound there exists C > such that 

with probability at least 1 - n~ c . When both ( |4.19[ ) and ( |4.20[ ) hold, 



overlap (X) >d- ^4 -(C-y) logn > y) ^ 6(d+ 1)! f 1 - , 

n \d+\) TU V» \d+l) 

so that the conclusion holds for any O < 8{d + 1)!. □ 

5 Open Questions 

Cheeger inequality and mixing without a complete skeleton 

The proofs for the upper bound in the generalized Cheeger inequality, and that of the generalized 
mixing lemma, assume that the skeleton is complete. This of course raises the following questions: 

Question: Can one find a good upper bound for A (X) by h (X) for general simplicial complexes? 

Question: Can the discrepancy in X be bounded for general simplicial complexes? 

Tightness of the bounds in the generalized Cheeger inequalities 

For the complete <i-dimensional simplicial complex, h (X) = \V\ = A (X). This shows that the upper 
bound on A (X) < h (X) is tight. 



Question: Is the lower bound v ' 1 ' h 2 (X) - (d - 1) k < A (X) asymptotically tight for d>2! 
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Inverse Mixing Lemma 

In RBL06H Bilu and Linial proved an Inverse Mixing Lemma for graphs: 

Theorem ([BL06]). Let G be a d-regular graph on n vertices. Suppose that for any A,B c V, with 
A n B = 

\A\\B\d 



E (A,B) 



< a\J\A\ \B\. 



Then all but the largest eigenvalue ofG are bounded, in absolute value, 6)>0(a(l+ log (-)))• 
Question: Can one prove a generalized Inverse Mixing Lemma for simplicial complexes? 

Random simplicial complexes 

In the random graph model G = G (n, p) = X (l,n, p), taking p = - with a fixed k gives disconnected G 
a.a.s. However, random ^-regular graphs are a.a.s. connected, and in fact are excellent expanders (see 
e.g. [HLW06]). In dimension d, the (d - l)-homology of X(d,n,p) is nontrivial a.a.s. for p = -, and 
it is natural to ask about the expansion quality of regular complexes. Since it is not clear whether such 
complexes even exist, we say that a k-semiregular complex is a complex with k- yk < deg <x < k+ x/k 
forallo-eX dimX - 1 ,and ask: 

Question: Are h (X) and overlap (X) bounded away from zero for X a random &-semiregular 
cf-complex? 

A Riemannian Analogue 

In Riemannian geometry, the Cheeger constant of a Riemannian manifold M is concerned with its 
partitions into two submanifolds along a common boundary of codimension one. The original Cheeger 
inequalities, due to Cheeger [Che70] and Buser [Bus82], relate the Cheeger constant to the smallest 
eigenvalue of the Laplace-Beltrami on C°° (M) = O (M). 

Question: Can one define an isoperimetric quantity which concerns partitioning of M into d+ 1 parts, 
and relate it to the spectrum of the Laplace-Beltrami operator on Df 1 ~ ! (M), the space of 
differential (d - 1) -forms? 



Ramanujan Complexes 

Ramanujan Graphs are expanders which are spectrally optimal in the sense of the Alon-Boppana 
theorem [Nil91], and therefore excellent combinatorial expanders. Such graphs were constructed in 
BLPS 881 as quotients of the Bruhat-Tits tree associated with PSL2 [Qp) by certain arithmetic lat- 
tices. Analogue quotients of the Bruhat-Tits buildings associated with PSL n (¥ q (t)) are constructed 
in BLSV05L and termed Ramanujan Complexes. It is natural to ask whether these complexes are also 
optimal expanders in the spectral and combinatorial senses. 



A Appendix 

The following lemma, which already appeared in HGW12H (for a normalized version of the Lapla- 
cian), lists some connections between the upper Laplacian of a complex and those of its links. For 
completeness we give a proof here. 
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Lemma A.l. Let X be a d-dimensional simplicial complex, and for f e Q. d 1 ,o~ e X d 1 ,t e X d 2 
c/e/zrae 

(D/)(cr) = deg(cr)/(cr) 

deg T (cr) = deg T (cr) = # {cr 7 ~ tr | t c </} = deg lkT (tr\r) 
fdeg T (cr)/(cr)- £/(cr') 

1 ct'~ct 

[0 ^ T $ cr 

/r(v)=/(vr). 



(Kf) (cr) = 



The following then hold: 

(1) A + = £ A;-(J-1)D. 

reX d - 2 

(2) (A + T f,f) = (A^ T f T ,f T ). 

(3) Iff eZ d _j then / T €Z (lkr). 

W £ (fr,fr)=d(f,f). 

reX d - 2 

Proof. 

(1) By the definition of A+, 



E A T + /(<r)-(J-l)D/(cr) = £ ( deg T (cr) /(cr) - £ /(cr') ) - (d - 1) deg (cr) /(cr) 

= ( Y, deg T (cr)- (J -1) deg cr/(cr))- £ £ /(cr') 
= deg(cr)/(cr)- £ / (cr') = A + / (<r) . 



(2) Let / e Q d_1 and r e X rf - 2 . We first notice that (A+/) T = A+ T / T , since 
( A T + /) T (v) = ( A + T f) (vr) = deg T (vr) / (vr) - E /(cr') 



cr ~vt 
rccr' 



= deg T (vr) / (vr) - £ / (v'r) = deg lkT (v) / T (v) - E /,(/) = A+ T / r (v) . 



v' ~r V' ~ V 

v't~vt Uct 



Since (lkr) = {v e V | v ~ t}, this gives 

(Ai T / T ,/ T > = {(Kf) T ,f T ) = E (A T + /) r (v)/ T (v) = E (A T + /) (vr)/(vr) = (A T + /,/) 

v~r v~t 

where the last equality is since A+f is supported on (d - 1) -cells containing r. 
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(3) Iff e Z d _i and r e X^ 2 then 



(47,)(0)= E /r(v)= E /(vt) = £/(vt) = («W)(t) = 



ve(lkr) u 



ve(lkr)" 



implies that f T e Zo (lkr). 
(4) This is by 



E (frJr)= E E/rW= E E^W^ E /V) =<*</,/>■ 

reX d - 2 Te x d - 2 v~T Te x d - 2 v~T ( TeX d - 1 
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